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A discretely weak P -set is a nowhere dense closed set which is disjoint from the
closure of any countable discrete subset of its complement. We show that the Stone–Cˇech
remainder N∗ of the discrete space N of natural numbers cannot be covered by discretely
weak P -sets when the continuum hypothesis is assumed.
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1. Introduction
The general study of whether an inﬁnite compact space can be covered by certain families of its closed nowhere dense
subsets is one of the ongoing interests in topology. We are interested in the problem of covering the compact space N∗ by
its closed nowhere dense P -sets. A P-set in a topological space is one with the property that the intersection of countably
many of its neighborhoods is again a neighborhood of it. A P -point is a point x such that {x} is a P -set. A compact space
in which every point is a P -point must be ﬁnite, hence not every point of N∗ is a P -point. Though not all points of N∗ are
P -points, one may wonder whether N∗ may be covered with ‘small’ P -sets. We take small to mean closed and nowhere
dense.
In 1980, Kunen, van Mill, and Mills [8] showed that no compact space of π -weight ω1 can be covered by nowhere dense
closed P -sets. In particular, assuming the continuum hypothesis, N∗ cannot be covered by nowhere dense closed P -sets. In
addition they also constructed a compact space of weight ω2 which can be covered by nowhere dense closed P -sets. Dow
and van Mill [3] also showed that no compact space can be covered by nowhere dense ccc P -sets, that is, P -sets satisfying
the countable chain condition. These results left open the possibility that it might be possible to deﬁne a model in which
the space N∗ can be covered by nowhere dense closed P -sets.
In the same year, Balcar, Frankiewicz, and Mills [1] showed that it is consistent that N∗ is covered by nowhere dense
closed P -sets. They constructed their model by adding ω1 Cohen reals to a model of ZFC + MA + 2ω = ω2. Similar results
followed later using the NCF principle.
* Corresponding author.
E-mail addresses: adow@uncc.edu (A. Dow), techanieg@oldwestbury.edu (G. Techanie).
URL: http://www.math.uncc.edu/~adow (A. Dow).0166-8641/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2008.11.007
880 A. Dow, G. Techanie / Topology and its Applications 156 (2009) 879–884The principle NCF (Near Coherence of Filters) says that two ultraﬁlters on N∗ are nearly coherent, that is, if u, v ∈ N∗ ,
then there is a ﬁnite-to-one map f :N→ N such that β f (u) = β f (v). Using NCF it can be shown that N∗ can be covered
by nowhere dense closed P -sets. This is can be done as follows: NCF implies that for every u ∈ N∗ , there is a ﬁnite-to-one
map f :N→ N such that v = f (u) is a P -point. Then the set β f −1(v) is a closed nowhere dense P -set of N∗ . In 1992,
Zhu [11] improved this by showing that NCF implies that N∗ can be covered by an increasing sequence of nowhere dense
closed P -sets. These results show that the statement N∗ can be covered by nowhere dense P -sets is independent of the
axioms of ZFC.
In this paper we will extend the study of covering N∗ by closed nowhere dense sets by investigating whether N∗ can be
covered by its discretely weak P -sets. The fact that every closed nowhere dense P -set is a discretely weak P -set makes our
study an extension of covering N∗ by closed nowhere dense P -sets.
2. Weak and discretely weak P -sets
A subset K of a space X is called a weak P-set provided that K ∩ F = ∅ for each countable set F ⊆ X \ K . A weak P-point
is a point x such that {x} is a weak P -set. The advantage of weak P -points over P -points is that their existence is provable
in ZFC. As is well known, Kunen [7] proved the existence of a dense set of weak P -points in N∗ . It is easily seen that every
P -set is a weak P -set.
A subset K ⊆ X is called a discretely weak P-set if it is a nowhere dense closed set and K ∩ F = ∅ for each countable
discrete set F ⊆ X \ K . A point x in X is called a discretely weak P-point if x /∈ F for every countable discrete set F ⊆ X \ {x}
(these are called “discretely untouchable” in [10]). It follows from their deﬁnitions that every P -point is a weak P -point and
every weak P -point is a discretely weak P -point. But the converses of these statements are not true. For example, in N∗
there is a discretely weak P -point which is not a weak P -point and there is a weak P -point which is not a P -point. These
facts are ﬁrst proved by Kunen [6] assuming CH and then by van Mill [9] in ZFC.
To our knowledge, no one has investigated coverings by discretely weak P -sets or weak P -sets for that matter, and we
will study this problem in this paper. In particular we improve the results of Kunen, van Mill, and Mills [8] by showing
that N∗ cannot be covered by discretely weak P -sets under CH. The techniques and methods used in showing every two-to-
one continuous image of N∗ is homeomorphic to N∗ [4] motivated us to work on this interesting covering problem. In the
study of two-to-one continuous functions deﬁned on N∗ we deal with covering N∗ by certain types of sets and the question
of covering by discretely weak P -set arises naturally.
3. Inverse systems
Let κ be an ordinal. Suppose that for every α ∈ κ corresponds a topological space Xα and that for any β,α ∈ κ satisfying
β  α a continuous mapping fαβ : Xα → Xβ is deﬁned; suppose further that fαγ = fβγ ◦ fαβ for any α,β,γ ∈ κ satisfying
γ  β  α and that fαα = id for every α ∈ κ . In this situation we say that the family {Xα, fαβ,κ} is called an inverse system.
The inverse limit lim←−{Xα, fαβ,κ} of the inverse system {Xα, fαβ,κ} is the subspace of the product space
∏
α<κ Xα consisting
of all points x = (xα) such that fαβ(xα) = xβ for β < α. An inverse system {Xα, fαβ,κ} is called continuous provided that
Xγ = lim←−{Xα, fαβ,γ } for each limit γ < κ .
A π -base B for a space X is a family of nonempty open subsets of X such that each nonempty open set in X contains
some B ∈ B. The π -weight, π(X), of X is the minimum cardinal κ for which there is a π -base for X of cardinality κ . The
π -weight of N∗ is c. We now state an important statement without proof that is useful in our analysis of covering N∗ .
Proposition 1. ([8]) If X = lim←−{Xα, fαβ,ω1}, where π(Xα) < ω1 for each α < ω1 and (Xα, fαβ,ω1) is continuous, then for each
closed subset A of X with empty interior there is some α < ω1 such that fω1α[A] has empty interior.
Lemma 2 (CH). N∗ can be written as a continuous inverse limit of compact zero-dimensional metric spaces, N∗ = lim←−{Xα, fαβ,ω1},
so that for each ordinal α < ω1 , fα+1,α : Xα+1 → Xα can be factored as fα+1,α = g ◦ h where h : Xα+1 → Xα × 2ω is onto and
g : Xα × 2ω → Xα is the projection map.
Proof. Suppose N∗ is a continuous inverse limit of compact metric spaces {Xα, fαβ,ω1}, this is possible since w(N∗) = ℵ1
under CH. For all α < ω1, we have
fω1,α :N
∗ → Xα and πα : Xα × 2ω → Xα
where πα is the projection function. Then by using one of the properties of N∗ under CH [2] there is a function
f :N∗ → Xα × 2ω such that fω1,α = f ◦πα.
Now since the collection f −1(CO(Xα × 2ω)) is countable in N∗ , there is a γ > α such that
f −1
(
CO
(
Xα × 2ω
))⊆ f −1ω1,γ (CO(Xγ )).
Then we re-index γ as α+1 and we get fγ ,α : Xγ → Xα . Then fγ ,α can be factored as fγ ,α = g◦h where gα : Xα ×2ω → Xα
and h : Xγ → Xα × 2ω . 
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We now show, in the presence of CH, that N∗ cannot be covered by discretely weak P -sets. That is, there is a point
p ∈N∗ such that p /∈ K for all discretely weak P -sets K of N∗ .
Theorem 3 (CH). N∗ cannot be covered by discretely weak P-sets.
Proof. We ﬁrst write N∗ as a continuous inverse limit of compact metric spaces, N∗ = lim←−{Xα, fαβ,ω1} as per Lemma 2.
We construct, by transﬁnite induction, countable sets Dαβ for β  α ω1 such that the following properties hold:
(1) Dαα is dense in Xα and disjoint from
⋃
β<α D
α
β ;
(2) Dβ+1β is discrete in Xβ+1;
(3) if β < γ  α, then fαγ [Dαβ ] = Dγβ and fαβ Dαβ is one-to-one;
(4) if βn < βn−1 < · · · < β1  α and Ui ⊆ Xβi is dense open, then
Dαβn ⊆ cl
[
Dαβ1 ∩
⋂
i<n
f −1α,βi [Ui]
]
.
The points of Dω10 ⊆ Xω1 = N∗ will be the points which are not covered by closed nowhere dense weak P -sets and
discretely weak P -sets.
Assume α ∈ ω1 and we have constructed countable sets Dλβ ⊆ Xλ for all β  λ < α satisfying conditions (1)–(4).
For limit α, Xα = lim←−{Xγ , fγ β,α}. By the deﬁnition of inverse limit for all β < α and for every d ∈ Dββ , if β < λ < α, then
there is a unique point x(d, λ) ∈ Dλβ such that fλβ(x(d, λ)) = d and if λ β let x(d, λ) = fβ,λ(d). Thus 〈x(d, λ)〉λ<α is in Xα
which is the point in Dαβ mapping to d. Let D
α
α be any countable dense subset of Xα which is disjoint from
⋃
β<α D
α
β .
We now check our inductive conditions for limit α. Suppose β1 < α. Applying induction hypothesis for all γ such that
β1  γ < α, that is,
Dγβn ⊆ clXγ
[
Dγβ1 ∩
⋂
i<n
f −1γ ,βi [Ui]
]
,
we must show that
Dαβn ⊆ clXα
[
Dαβ1 ∩
⋂
i<n
f −1α,βi [Ui]
]
.
Let d ∈ Dαβn and d ∈ W for some clopen set W in Xα . Then there is γ such that β1  γ < α, W = f −1α,γ [ fα,γ [W ]] and
fα,γ [W ] is clopen in Xγ and fα,γ (d) ∈ Dγβn . Since
Dγβn ⊆ clXγ
[
Dγβ1 ∩
⋂
i<n
f −1γ ,βi [Ui]
]
and fα,γ [W ] is clopen in Xγ containing fα,γ (d) we get
fα,γ [W ] ∩
[
Dγβ1 ∩
⋂
i<n
f −1γ ,βi [Ui]
]
= ∅.
Let e ∈ fα,γ [W ] ∩ [Dγβ1 ∩
⋂
i<n f
−1
γ ,βi
[Ui]]. Then e′ ∈ f −1α,γ (e) ∩ Dαγ , then e′ ∈ W ∩ Dαβ1 ∩
⋂
i<n f
−1
α,βi
[Ui].
If β1 = α, we go down in the sequence to β2 < α. We must show that
Dαβn ⊆ cl
[
Dαα ∩ U1 ∩
⋂
1<i<n
f −1α,βi [Ui]
]
and this is true since Dαα is dense and U1 is open dense in Xα .
Now suppose α = λ+1. We construct countable sets Dλ+1β ⊆ Xλ+1 for each β  λ+1. Let {rn: n ∈ ω} ⊂ 2ω be a sequence
converging to 0 ∈ 2ω . Let
T = {〈βi,Ui〉in: n ∈ ω, βn < βn−1 < · · · < β1  λ, Ui ⊆ Xβi dense open}.
Let β < λ + 1 = β0 and ρ ∈ T , say ρ = {(βnρ ,Unρ ), . . . , (β1,U1)} and ﬁx maximal iβ  nρ such that β < βiβ .
By Lemma 2 fλ+1,λ : Xλ+1 → Xλ can be factored as fλ+1,λ = g ◦ h where h : Xλ+1 → Xλ × 2ω and g : Xλ × 2ω → Xλ .
Let Dλ = {dλn : n ∈ ω}, and for n ∈ ω, let dλ,λn = (dλn, rn). Then Eλ = {dλ,λn : n ∈ ω} is a discrete subset of Xλ × 2ω andλ
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λ is dense in Xλ , it follows that g[Eλ] = Xλ; in fact Eλ ⊇ Xλ × {0} and g Xλ×{0}
is a homeomorphism. For each β < λ, let {dβ,λl : l ∈ ω} be the one-to-one enumeration of Dλβ × {0}, and observe that
fλ+1,λ(h−1(dβ,λl )) = g(dβ,λl ) ∈ Dλβ for all β  λ.
Then deﬁne K ( j, β,ρ), by induction on iβ , by
K ( j, β,ρ) = h−1(dλ,βj )∩ ⋂
iiβ
cl
[⋃
l
K (l, βi,ρ) ∩
⋂
imiβ
f −1λ+1,βm [Um]
]
.
Lemma 4. K ( j, β,ρ) is nonempty.
Proof. By induction on iβ , K (l, βiβ ,ρ) is nonempty for each l ∈ ω and
K (l, βiβ ,ρ) ⊆ cl
[⋃
m
K (m, βi,ρ) ∩
⋂
i jiβ
f −1λ+1,β j [U j]
]
.
We use induction assumption (4) for iβ = 0, and
fλ+1,λ
(⋃
l
K (l, βiβ ,ρ) ∩
⋂
iiβ
f −1λ+1,βi [Ui]
)
= Dλβiβ ∩
⋂
iiβ
f −1λ,βi [Ui]
and by induction assumption again
clXλ
(
Dλβiβ
∩
⋂
iiβ
f −1λ,βi [Ui]
)
⊇ Dλβ .
Therefore, for all β < βi
fλ+1,λ
(
clXλ+1
[⋃
l
K (l, βiβ ,ρ) ∩
⋂
iiβ
f −1λ+1,βi [Ui]
])
⊇ Dλβ .
Thus, K ( j, β,ρ) = ∅ for all ρ ∈ T and β such that βiβ+1  β < βiβ . 
For ρ ∈ T , let nρ and ρ = {(βρnρ ,Uρnρ ), . . . , (βρ1 ,Uρ1 )} with the ﬁrst coordinates descending. We will omit the super-
script ρ when there is no danger of confusion. For ρ,σ ∈ T , deﬁne ρ < σ if {βρi }
nρ
i=1 ⊆ {βσk }nσk=1 and Uρi ⊇ Uσk whenever
β
ρ
i = βσk . Notice that for each β , iρβ  iσβ and {βρi : i  iρβ } ⊆ {βσi : i  iσβ }. Let β ∈ λ + 1 and ρ ∈ T such that iρβ ∈ nρ and
β
ρ
iβ+1  β < β
ρ
iβ
.
Lemma 5. If ρ < σ then K ( j, β,ρ) ⊇ K ( j, β,σ ).
Proof. Assume that ρ < σ . Then there is iσβ < nσ such that
β
ρ
iβ+1  β
σ
iβ+1  β < β
σ
iβ
< β
ρ
iβ
.
Then by the construction iρβ < nρ⋃
l
K
(
l, βρ
iρβ
,ρ
)∩ ⋂
iiρβ
f −1
λ+1,βρi
[
Uρi
]⊇⋃
l
K
(
l, βσiσβ
, σ
)∩ ⋂
iiσβ
f −1
λ+1,βσi
[
Uσi
]
.
Hence, for k k′ such that βρi+1 = βσk′
cl
[⋃
l
K
(
l, βρi ,ρ
)∩ ⋂
i>iβ
f −1
λ+1,βρi
[
Uρi
]]⊇⋃
l
K
(
l, βσk , σ
)∩ ⋂
i>iβ
f −1
λ+1,βσi
[
Uσi
]
.
Thus, for βσi > β  βσi+1 we have K ( j, β,ρ) ⊇ K ( j, β,σ ). 
Therefore, since we showed that K ( j, β,ρ) = ∅ for all ρ , by compactness we set
K ( j, β) =
⋂
ρ∈T
K ( j, β,ρ) = ∅.
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K ( j, β) ⊆ cl
[⋃
l
K (l, βiβ ) ∩
⋂
iiβ
f −1λ+1,βi [Ui]
]
.
Proof. Let x ∈ K ( j, β) =⋂ρ∈T K ( j, β,ρ). Then x ∈ K ( j, β,ρ) for all ρ ∈ T and fλ+1,λ(x) = dλ,βj . Suppose W is a clopen set
in Xλ+1 and x ∈ W . We must show that
W ∩
[⋃
l
K (l, βiβ ) ∩
⋂
iiβ
f −1λ+1,βi [Ui]
]
= ∅
that is, we have to show that
W ∩ K (l, βiβ ) ∩
⋂
iiβ
f −1λ+1,βi [Ui] = ∅
for at least one l, again this means,
W ∩
[ ⋂
σ∈T
K (l, βiβ , σ )
]
∩
⋂
iiβ
f −1λ+1,βi [Ui] = ∅
for at least one l. Assume this is not the case. This implies
W ∩
[ ⋂
σ∈T
K (l, βiβ , σ )
]
∩
⋂
iiβ
f −1λ+1,βi [Ui] = ∅
for all l. But W ∩ K (l, βiβ , σ ) = ∅ for inﬁnitely many l since x ∈ K ( j, β) ⊆ K ( j, β,σ ) and K ( j, β,σ ) ⊆ cl[
⋃
l K (l, βiβ , σ )] while
x /∈⋃l K (l, βiβ , σ ). 
So now when we choose elements of Dλ+1β , β  λ, we make sure to only pick points from
⋃
l K (l, β); that is, d
λ+1,β
l will
come from K (l, β). Since this will ensure that h[Dλ+1λ ] = Eλ we will have that Dλ+1λ will be discrete. Let {B(β,m): m ∈ ω}
enumerate a clopen base for Xβ for all β  λ + 1. Enumerate λ + 1 by {β0 = λ,β1, β2, . . .}.
Here is how we choose elements of Dλ+1β by induction for each β < λ + 1. At stage n, we make ﬁnitely many choices.
We pick dλ+1,βij ∈ K ( j, βi) for all i, j < n, if not already picked, and we make sure the following: For each l0, l1, l2, l3, l4 < n
such that d
λ+1,βl1
l0
∈ B(λ + 1, l2) and B(βl3 , l4) ⊆ fλ+1,βl3 [B(λ + 1, l2)] and
M = {l: K (l, βl3 ) ∩ B(λ + 1, l2) ∩ f −1λ+1,βl3 (B(βl3 , l4)) = ∅}
is inﬁnite, we make sure that there is a k ∈ M such that
d
λ+1,βl3
k ∈ K (k, βl3 ) ∩ B(λ + 1, l2) ∩ f −1λ+1,βl3
(
B(βl3 , l4)
)
.
Then, after the ω length induction, we now check if our construction satisﬁes the induction assumptions. If
β < γ  λ and Ui ⊆ Xβi is dense open for each i < n with β = βn < · · · < β1 = γ , then we show that Dλ+1β ⊆
cl[Dλ+1γ ∩
⋂
i<n f
−1
λ+1,βi [Ui]]. We consider two cases: when β1 = λ + 1 and β1 < λ + 1.
Suppose that β1 = λ + 1. Then Dλ+1λ+1 ∩ U1 is dense in Xλ+1 and so it is dense in cl
⋂
1<in f
−1
λ+1,βi [Ui]. For all β  λ,
K (l, β) ⊆ cl
⋂
1<in
f −1λ+1,βi [Ui]
and since all the elements of Dλ+1β came from K (l, β) we have
Dλ+1β ⊆ cl
[
Dλ+1λ+1 ∩
⋂
i<n
f −1λ+1,βi [Ui]
]
.
Suppose that β1 < λ + 1. Let d ∈ Dλ+1β = {dλ+1,βj : j ∈ ω}, say d = dλ+1,βl0 in our enumeration. Then d ∈ K (l0, β) by
construction. Let W = B(λ+1, l1) be a neighborhood of d in Xλ+1. We must show that W intersects Dλ+1γ ∩
⋂
i<n f
−1
λ+1,βi [Ui].
Let
W˜ = W ∩
⋃
K (l, γ ) ∩
⋂
f −1λ+1,βi [Ui].
l i<n
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consider the set⋃
l
K (l, γ ) ∩ f −1λ+1,γ [U ] ∩
⋂
i<n
f −1λ+1,βi [Ui].
By Lemma 6
K (l0, β) ⊆ cl
[⋃
l
K (l, γ ) ∩ f −1λ+1,γ [U ] ∩
⋂
i<n
f −1λ+1,βi [Ui]
]
.
But
W ∩
[⋃
l
K (l, γ ) ∩ f −1λ+1,γ [U ] ∩
⋂
i<n
f −1λ+1,βi [Ui]
]
= ∅.
This is a contradiction since d ∈ K (l0, β) and W is a neighborhood of d. Therefore fλ+1,γ [W˜ ] has interior. So there exists l3
such that B(γ , l3) is contained in the closure of fλ+1,γ [W˜ ] which is a subset of Dγγ . Thus B(γ , l3) ⊆ fλ+1,γ [W ]. Let
M0 =
{
l: fλ+1,γ
(
K (l, γ )
) ∈ fλ+1,γ [W˜ ] ∩ B(γ , l3)}
which in effect is fλ+1,γ [W˜ ] ∩ Dαα ∩ B(γ , l3) and thus is inﬁnite since it is dense in B(γ , l3). We now show that M0 ⊆ M .
Since fλ+1,γ (K (l, γ )) ∈ fλ+1,γ [W˜ ] we have K (l, γ )∩W ∩⋂i<n f −1λ+1,βi [Ui] = ∅, K (l, γ ) ⊆ f −1λ+1,γ (B(γ , l3)), and f −1λ+1,βi [Ui] ⊆
f −1λ+1,γ ( f
−1
γ ,βi
(Ui)). This shows that M0 ⊆ M and so M was inﬁnite for suﬃciently large ‘n’. So we picked
dλ+1,γl ∈ K (l, γ ) ∩ B(λ + 1, l1) ∩ f −1λ+1,γ
(
B(γ , l3)
)
.
Since B(γ , l3)∩⋂i<n f −1γ ,βi (Ui) contains fλ+1,γ [W˜ ]∩ B(γ , l3), B(γ , l3)∩⋂i<n f −1γ ,βi (Ui) is a dense open subset of B(γ , l3).
By shrinking B(γ , l3), possibly changing l3, we can assume that B(γ , l3) ⊆⋂i<n f −1γ ,βi (Ui). Thus we actually have K (l, γ ) ⊆
f −1λ+1,γ (B(γ , l3) ∩
⋂
i<n f
−1
γ ,βi
(Ui) so that d
λ+1,γ
l ∈ Dλ+1γ ∩ W ∩
⋂
i<n f
−1
λ+1,βi (Ui) which veriﬁes condition (4) of induction
assumption. For each λ ∈ ω1 deﬁne the countable set Dω1λ ⊂ Xω1 =N∗ in exactly the same manner that Dαλ was deﬁned in
the case of limit ordinals α ∈ (λ,ω1). This completes our inductive construction.
We now show, as promised, that if p ∈ Dω10 then p is not contained in any discretely weak P -set of N∗ and this will
complete our proof.
Let K ⊆ N∗ be a discrete weak P -set. By Proposition 1, there is a λ < ω1 such that fω1,λ[K ] is nowhere dense in the
space Xλ . If U = Xλ \ fω1,λ[K ], then U is a dense open set in Xλ . Let D = f −1ω1,λ[U ] ∩ D
ω1
λ . Then D is discrete in Xω1 = N∗
and D ∩ K = ∅. Since K is a discretely weak P -set, D ∩ K = ∅. But p ∈ Dω10 and by the same argument as in the case of
limit α, Dω10 ⊆ cl[ f −1ω1,λ[U ] ∩ D
ω1
λ ] = D . This shows that p /∈ K . 
5. Open problems
This paper shows that it is independent whether N∗ can be covered by discretely weak P -sets since in any model in
which it is covered by nowhere dense closed P -sets it is also covered by discretely weak P -sets. The following questions
arise naturally and are not answered.
(1) Is it consistent with MA that N∗ can be covered by discretely weak P -sets?
(2) Is there a model in which N∗ can be covered by discretely weak P -sets but not by nowhere dense closed P -sets?
(3) Is there some quotable basis property of a point which implies it is not covered by a discretely weak P -set analogous
to other special points (e.g. [7] or [5]).
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